We study the dynamical process of braiding Majorana bound states in the presence of the coupling to photons in a microwave cavity. We show theoretically that the π/4 phase associated with the braiding of Majoranas, as well as the parity of the ground state are imprinted into the photonic field of the cavity, which can be detected by dispersive readouts techniques. These manifestations are purely dynamical, they occur in the absence of any splitting of the MBS that are exchanged, and they disappear in the static setups studied previously. Conversely, the cavity can affect the braiding phase, which in turn should allow for cavity controlled braiding.
Introduction.-Braiding of non-Abelian anyons lies at the heart of topological quantum information processing [1] . One promising class of non-abelian anyons are the Majorana bound states (MBS) that emerge in the so called topological superconductors as zero-energy quasiparticles [2] [3] [4] . In recent years there have been a great deal of excitement towards detecting and manipulating MBS in various condensed matter platforms [5] [6] [7] [8] .
In particular, implementations based on one-dimensional (1D) semiconducting wires (SW) have attracted the most attention. Following theoretical proposals [9, 10] , several experiments [11] [12] [13] [14] [15] [16] [17] [18] have reported characteristic transport signatures in the form of a zero-bias conductance peak compatible with the presence of zero-energy MBS (see Ref. [19] for a recent review). Nevertheless, the puzzling question of whether such zero-bias peaks are due to MBS is still under debate [20, 21] and other direct measurable manifestations of Majorana physics are timely.
The smoking gun feature associated with the MBS is their exchange, or braiding statistics: moving these quasiparticles around each other and exchanging their positions will implement, within the degenerate subspace they pertain to, non-Abelian unitary transformations that depend only on the topology of the trajectories [22] [23] [24] [25] . Such unitary transforms are more robust against decoherence and dephasing due to local environments, as opposed to quantum computing with conventional qubits (although recent works show that such protection might be fragile when going beyond the adiabatic approximation or assuming a coupling of the MBS to external baths [26] [27] [28] [29] [30] ). In order to detect the Majorana signatures, as well as to manipulate the braiding of the MBS, one needs to resort various interference schemes, and eventually lift the ground state degeneracy, thus making MBS interact [3] [4] [5] .
In this Letter, we analyze the braiding of Majorana fermions in a tri-junction geometry assisted by photons in a cavity quantum electrodynamics (cQED) setup. We show that both the parity of the ground state and the Berry phase associated with the braiding statistics imprint into the cavity field, which in turn can be ad- Figure 1 . Sketch of the system and the cavity-assisted Majorana braiding (exchange) process of the MBS γ1 and γ2. Left: The Y junction with the end γi, i = 1, 2, 3, and the middle γ0 MBS, along with the couplings ∆ tot i (t) = ∆i(t) + δi(a † + a) in the presence of the cavity fieldÊ (green). Right: the braiding steps, with the dashed line i corresponding to a splitting ∆i ∆j, with i = j (top), and the evolution of the vector n∆(t) in Eq. (1) on the Bloch sphere during the braiding process (bottom). The octant spanned by this vector connects to the Berry phase accumulated by the ground state wavefunction that pertains to the Majorana braiding statistics.
dressed by conventional dispersive readouts techniques. The present Berry phase coupling mechanism, which is due to the interplay of dynamics during braiding and the non-locality of the photonic field, works even when the lowest energy subspace spanned by the Majorana fermions is degenerate at all times. These effects are purely dynamical and do not have any static analogue (e.g. by comparing the beginning and the end of the braiding by cQED spectroscopy).
System and Model Hamiltonian.-We consider a Majorana Y junction coupled to the electromagnetic field inside a microwave cavity, as depicted in Fig. 1 . The time-dependent effective Hamiltonian describing the Y junction coupled to the cavity reads [31] :
with ∆
, and where the Pauli matrices σ x,y,z acts within the same parity states τ = ±, the eigenvalues of the parity operator τ z = γ 0 γ 1 γ 2 γ 3 . We see that the pair of states {|00 , |11 } and {|01 , |10 } do not couple with each other, which is a consequence of the parity conservation in the system. The Hamiltonian in Eq. (2) describes the more common spin 1/2 coupled to a cavity mode (similar to the Rabi model).
It is instructive to work in spherical coordinates, and define ∆ τ (t) = ∆(t) n τ ∆ , and δ τ = δ n τ δ , with
, and n τ α = (sin θ α cos φ α , τ sin θ α sin φ α , cos θ α ), where α = ∆, δ (nevertheless, in the following we drop the ∆ index from the angles of n τ ∆ ). We see that the instantaneous ground state for each of the two parities in the absence of the coupling to the cavity are degenerate, with energy E gs (t) ≡ −∆(t). In the following, we assume that all manipulations are adiabatic, or∆(t)/∆(t) ∆(t) at all times, so that there are no real excitations outside the degenerate subspace and the system always stays in the ground state.
Rotating frame description.-In order to describe the braiding in the adiabatic limit, we perform a timedependent unitary transformation A τ (t) on the Y junction Hamiltonian, where the columns of the matrix A τ (t) are given by the instantaneous eigenstates of ∆ τ (t) · σ.
The new transformed Hamiltonian becomesH
, or in more details [32] :
We now proceed with several approximations. First, in the adiabatic limit, we can neglect the terms ∝φσ x and ∝θσ y above, as they act in higher order in perturbation theory in 1/∆(t), while the term ∝φσ z is diagonal and responsible for the Berry phase contribution to the dynamics. Second, we assume the weak coupling limit, and perform the rotating wave approximation (RWA) which means we keep only the rotating terms in the above transformed Hamiltonian. Putting all together, we get the full RWA (time-dependent) Hamiltoniañ
where ∆ eff τ (t) = ∆(t) + τφ cos θ. We see that in this description, the effective Majorana splitting, ∆ eff τ (t), contains a Berry phase contribution with opposite signs for opposite parities τ , and thatδ − (t) =δ * + (t), which also implies that |δ + (t)| = |δ − (t)| ≡δ(t) (independent of τ ). This Hamiltonian, which is of Jaynes Cummings type, only couples the states within the pairs {|n ↑ , |n + 1 ↓ }, with n the number of photons in the cavity. Moreover, we can writeδ τ =δ(t) exp [iΦ τ (t)], with Φ τ (t) = argδ τ (t) ≡ τ Φ(t), i.e. the spin directly affects the photonic field by adding a time and parity dependent phase. In the static case (φ = 0), the eigenspectrum is the same for the two parities:
and thus the cavity cannot discriminate between the two. Note that in this limit, some overlapping between the Majoranas and thus a splitting of the MBS is required for the cavity to be sensitive to the parity [33, 34] . Nevertheless, the initial degenerate states built from the MBS become dressed by the photonic field to give rise to degenerate Majorana polaritonic states [35] . Switching on the dynamics implies manipulating the Majorana polaritonic state, either in the resonant or the dispersive regime. In this work, we only focus on the latter, which allows for detection of the braiding statistics while we leave the resonant case for a future study (in such a case the braiding could be even manipulated by means of the cavity). Dispersive time-dependent Hamiltonian.-Next we address the case of large detuning, quantified by the conditions δ |∆(t) − ω|. The coupling term ∝ δ is now off-diagonal, and we can treat it in timedependent perturbation theory. For that, we perform a time-dependent Schrieffer-Wolff unitary transformation [36] so that, up to second order in δ, the effective Hamiltonian reads:
with g τ (t) = Re[δ τ (t)ẽ * τ (t)], and whereẽ τ (t) is found from the equation
In the following, we focus only on cyclic (periodic) trajectories, so thatH
/Ω the period of the drive (and Ω the corresponding frequency). In such a case, the solution to the equation (8) is found asẽ
is the average energy of the effective spin over one period T , while γ B ≡ γ ↑ B −γ ↓ B denotes the difference of the Berry phase associated with the spin up and spin down trajectories during the cycle. The (spin-dependent) photonic evolution operator during one cycle becomes [32] or:
whereδ r(i),n are the n-th Fourier components of the real (imaginary) parts ofδ τ (t). This is one of our main results: the ground state (σ z = −1) parity and the associated Berry phases imprints into the photonic field evolution operator during one braiding period T . The effect of the parity is two-fold: it affects the matrix elementsδ n in the numerator, and it enters in the denominator via the Berry phase. While the denominator has a very simple (universal) form in terms of the parity via the Berry phase, that seems not to be the case for the numerator. To put these two contributions on equal footing, we note that generally |δ(t + T )| = |δ(t)|, and Φ(t + T ) = 2πk + Φ(t), with k ∈ Z being the number of times the phase Φ(t) winds during one period T . Writingδ τ (t) ≈ δ 0 exp (ikτ Ωt), with δ 0 = (1/T )
T 0 dτ |δ(t)|, we obtain:
from which we can now simply read the two parity dependent effects: one contribution from the Berry phase of the effective spin, and another contribution from the winding number k of the phase Φ(t). The static case, corresponding to γ B = 2π and k = −1, results in no difference between the two parities, as expected. Note that close to resonances, the perturbative calculation presented above breaks down. However, as shown later, in the presence of dissipation the parity-dependent resonances can be probed. Majorana braiding.-Here we describe briefly the specific implementation of the braiding (exchanging) of the Majorana fermions γ 1 and γ 2 . For simplicity, we assume that ∆(t) = ∆ 0 is constant during the entire dynamics, and consider the following steps showed in Fig. 1 : ∆(t) = ∆ 0 [0, sin θ(t), cos θ(t)], for t ∈ [0, T /3), ∆(t) = ∆ 0 [sin φ(t), cos φ(t), 0], for t ∈ [T /3, 2T /3), and ∆(t) = ∆ 0 [sin θ(t), 0, cos θ(t)], for t ∈ [2T /3, T ), with θ(0) = θ(T ) = φ(T /3) = 0, θ(T /3) = φ(2T /3) = π/2. As showed, for example, in Ref. [31] , this corresponds to the exchange of the MBS γ 1 and γ 2 . The specific implementation for θ(t) and φ(t) strongly affects the validity of the adiabatic approximation, especially at the turning points [28, 30] . We disregard such diabatic effects in this work, and for simplicity assume that θ(t), φ(t) = Ωt on the intervals over which they vary. In the spin language, the Berry phase accumulated by the ground state wavefunction of parity τ = ± for a path C on the sphere in Fig. 1 is calculated from
which for the braiding path leads to γ B,τ = τ π/4. Using that same prescription allows us to evaluateδ τ,n that enter the photonic evolution operator U eff (T ), which will be discussed in the next part. We note that in Ref. 31 various other paths were studied besides the one pertaining to braiding of MBS, such as the π/8 magic gate. Our prescription applies for that case too, and such phases could be imprinted into the photonic field and eventually Figure 3 . Reflection coefficient Rτ (ω0, ∆) (upper row) and the phase shift ξτ (ω0, ∆) (lower row) as a function of the detuning ∆ = ∆0 − ω0 for the two parities τ = ±1. In the left (right) columns we show the plots for γB = π/4 included (neglected), respectively. The red (full) and the blue (dashed) correspond to parity τ = 1 and τ = −1, respectively. The position of the peaks shift between the two parities is ΩγB/π. The values of the parameters are the same as in Fig. 2. read, for example, by measuring the output field from the cavity, as discussed in the next part.
Detection and Dissipation.-Here we briefly discuss the detection of the cavity field, and consequently the braiding via the the input-output scheme by adding the coupling of the cavity to the external world (or stripline)
, where b k stand for the external line modes with wavevector k. That endows with the following equation for the cavity field:
where κ = j κ j , κ j ≈ k |f k,j | 2 δ(ω k,j −ω 0 ) and b in,j (t) are the decay rate of the cavity and the input field onto the cavity used to probe the braiding at port j = 1, 2, respectively. Moreover, the output field b out,j (t) relates to the input and the cavity fields via the relation b in,j (t)+ b out,j (t) = √ κ j a(t). Switching to the frequency space, we can write b out,1 (ω) = t τ (ω, Ω)b in,2 (ω) [37] , with
being the complex transmission of the cavity in the presence of the Y junction, where we assumed a finite broadening Γ of the Y Majorana states (see [32, 37] for a derivation). Typically, both the amplitude T τ (ω, Ω) = |t τ (ω, Ω)| 
, Ω) as a function of the driving frequency Ω for the two parities when we account for (neglect) the Berry phase contribution pertaining to the braiding of MBS. Moreover, we assume the cavity is probed at resonance ω = ω 0 , and in this case we find the distance between the inverse of n-th order peaks of the two parities to satisfy
where Ω n,τ denotes the n-th resonance peak in the braiding frequency Ω, for parity τ . In an experiment, one can therefore extract the Berry phase associated with the braiding by measuring precisely this scaling from the transmission spectrum as a function of Ω when the cavity assists the braiding. Similarly, to illustrate the versatility of our proposal, in Fig. 3 we plot R τ (ω 0 , ∆) and the phase shift ξ τ (ω 0 , ∆) as a function of the detuning parameter ∆ in the presence (and absence) of the Berry phase γ B = π/4. One can thus extract the Berry phase from the shift of the resonances for the two different parities from both quantities.
Conclusions.-We have studied the braiding of Majorana fermions in an Y junction geometry that is embedded in a microwave cavity. We have shown that both the parity of the ground state and the non-trivial Berry phase occurring during the braiding cycle imprint into the photonic field of the cavity that assists the process, which in turn can be probed non-invasively by the dispersive readout of the cavity microwave transmission. We found that these manifestations are purely dynamical, they occur in the absence of any splitting of the MBS that are exchanged, and they disappear in the static case. While here we focus on the effects of braiding on the photons, the reverse effect, namely the manipulation of braiding by means of the photonic field can be analyzed within the same framework.
In this Supplementary Material (SM) we provide details about the effective Y-junction Hamiltonian, the derivation of the low-energy MBS-photon coupling, as well as details on the the inputoutput theory for periodically driven systems in the adiabatic limit with dissipation.
I. EFFECTIVE FOUR MBS IN A Y-JUNCTION GEOMETRY
Here we briefly review the Y-junction setup proposed theoretically in many instances for implementing (non-abelian) braiding with MBS. In Fig. 1 we show the Y-junction geometry that lends itself to braiding of MBS. All three wires consist of topological superconductors in the non-trivial phase, thus hosting MBSs at their edges. The effective Hamiltonian describing such a Y-junction reads:
where γ j (γ j ) stand for the inner (outer) MBSs in wire j = 1, 2, 3, t jj+1 is the coupling between the inner MBSs of adjacent wires, U j are the coupling strengths between the MBSs within each wire (due to either direct wave-function overlap or due to Coulomb interaction effects). The tunnelings t jj+1 as well as the overlaps U i can be manipulated in various ways, depending on the actual implementation of the braiding. For example, they can be changed by affecting the fluxes on nearby Josephson junctions 1 , by changing the orientation of an externally applied magnetic field, or by changing the electrostatic potential on the gates that define the wires 2,3 . We define E M = j t 2 jj+1 as being the total energy associated with the coupling between the wires. Both the tunnelings and the MBS splittings can be affected in the presence of a cavity fieldÊ = E 0 (a † + a), with E 0 and a (a † ) being the (vector) amplitude of the electric field and the annihilation (creation) operator for photonic field in the cavity, respectively, so that:
with δt jj+1 and δU j being the coupling strengths to the cavity that depend on the microscopic model. Next, we consider E M U j , and derive a new effective low energy Hamiltonian based on this approximation. First, we assume U j = 0, in which case one can define γ 0 = (1/ √ 3)(γ 1 + γ 2 + γ 3 ), such that one verify that this MBS, together with the other 3 external ones drop out of the Hamiltonian; the other linear combinations of γ j s give rise to a two dimensional non-zero energy subspace by ±(1/2)E M . In the case when the phases are such that not all of them are zero, we can disregard these states from the following discussion. Turning on the weak couplings between the inner and outer MBSs, one can now retain the leading order terms in U j /E g only, so that we obtain the effective Hamiltonian:
where ∆ j = −(4t jj+1 /E M )U j , in the absence of the cavity. When such a coupling is considered, we need again to substitute ∆ j → ∆ j + δ j (a † + a), with δ j depending on both δt jj+1 and δU j (not shown). In fact, in order to account for the exponential coupling of the Majoranas, we assume in the following, as in Refs. [4, 5] that δ i = α i ∆ i , with α i the coupling strength between photon and the Majoranas. Physically, this means that far apart Majoranas cannot be affected by the cavity field. The low-energy effective Hamiltonian becomes: Figure 1 : Sketch of the Y-junction setup and the resulting low-energy MBS subspace. Three topological wires hosting each MBS at their ends (γj, γ j , with j = 1, 2, 3) couple throughout the wires (with coupling strengths Ui) and between the wires (with coupling strengths tii+1) to give rise, in the middle, to an effective MBS γ0. The coupling between the inner MBSs can be controlled, for example, by the fluxes through the three Josephson junctions to a bulk superconductor, which can contain a component from the cavity field that leads to the coupling discussed in the text.
, and γ = (γ 1 , γ 2 , γ 3 ). Note that in general δ ∦ ∆, and thus there is dynamics triggered by the photonic field on the Majorana states. When considering braiding, we need to consider the classical splittings time-dependent, or ∆ → ∆(t).
One can define
, and two other linearly independent combinations that drop out of the Hamiltonian and spanning a two-dimensional zero energy, degenerate subspace. We can see that in the case when only one coupling ∆ j is non-zero, the MBSs that form that zero-energy subspace are precisely the MBSs that have ∆ j = 0. Next we introduce usual fermionic operators in terms of the MBSs ones c 1 = (γ 1 − iγ 2 )/2 and c 2 = (γ 0 − iγ 3 )/2, so that:
This in turn allows us to write the Hamiltonian in the basis {|00 , c † 1 |00 , c † 2 |00 , c † 1 c † 2 |00 } , which gives the following Hamiltonian:
We see that the pair of states {|00 , |11 } and {|01 , |10 } do not couple with each other, which is a consequence of the conservation of the parity of the system
We can thus recast the above 4 × 4 Hamiltonian in terms of spin degrees of freedom (up to some spin rotations):
where σ x,y,z acts within the same parity states, while τ x,y,z acts between different parities. In the presence of the cavity, the Hamiltonian for a given parity reads:
with ∆ τ (t) = [−∆ 2 (t), τ ∆ 1 (t), ∆ 3 (t)], δ τ (t) = [−δ 2 (t), τ δ 1 (t), δ 3 (t)], and τ = ±1 being the eigenstates of τ z . Note that the resulting spectrum is the same for both parities. Written in terms of spin, this Hamiltonian corresponds to a time-dependent Rabi model, and in the following we focus on the dynamics.
in Eq. 10 in the MT. By taking into account a Markovian bath and a resulting finite population of the excited levels, we can extend the description to a fully open system, in which case (in the weak coupling to the environment limit), we can write 10 :
where p s are the populations of the instantaneous levels s, and Γ is their broadening (assumed constant, for simplicity).
